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ABSTRACT

INVESTIGATING THE IMPACT OF TAPER AND ASPECT RATIO ON A
STALLING WING USING A CORRECTED VORTEX LATTICE METHOD

Ryan Anderson
Mechanical Engineering
Bachelor of Science

The advent of new technologies such as eVTOL vehicles is exciting. The development of fast
aerodynamics models incorporating stall is one small step on the road to realizing such concepts
by improving the speed of design optimization algorithms. To this end, a modified vortex lattice
model was developed based on one reported by dos Santos and Marques [4]. The model was
validated against experimental data found in the literature. Making use of its stall capabilities, a
sample study was performed to test for any coupling effect between aspect ratio and taper
ratio. This was done by calculating the lift curve through stall for three situations: first varying
aspect ratio, second varying taper ratio, and third varying aspect ratio and taper ratio
simultaneously. The superposition of effects of independent sweeps is compared to the effects
of the coupled sweep. Substantial disparity between the two would signify coupling. No
significant coupling effect was discovered between aspect and taper ratios on lift slope, though
some coupling was observed to affect max lift coefficient. Significant time savings were
observed when compared to CFD. Fast models like rVLMk may be used to speed up design
optimization for eVTOL vehicle design.

ACKNOWLEDGEMENTS

First, I would like to sincerely thank the patient guidance of my mentors Dr. Ning and
doctoral candidate Eduardo Alvarez, who have helped to launch me into the world of
aerodynamics. I think I’m here to stay.

Second, I would like to thank good friends and family who have encouraged me as I have
made this journey. Among other things, I’ll never forget the 6:00am breakfasts that kept
me going some mornings.

Finally, this section would be sorely lacking if I didn’t thank my wonderful parents for
demonstrating what it means to strive for excellence and for supporting me no matter
what roads, obstacles, challenges and triumphs I encounter. I wouldn’t be where I am
without you. I love you!

TABLE OF CONTENTS

Title ...................................................................................................................................... i
Abstract ............................................................................................................................... ii
Acknowledgements ............................................................................................................ iii
Table of Contents ............................................................................................................... iv
List of Tables and Figures....................................................................................................v
Nomenclature .......................................................................................................................1
Introduction ..........................................................................................................................2
Methods................................................................................................................................2
A. Background and Theory .....................................................................................3
B. The Vortex Lattice Method ................................................................................5
C. Modified VLM ...................................................................................................6
D. Investigating Coupling Effects...........................................................................7
Results and Discussion ........................................................................................................9
A. Verification and Validation of the rVLM ..........................................................9
B. Verification and Validation of the rVLMk ........................................................9
C. Convergence ....................................................................................................11
D. Time Savings ...................................................................................................11
E. Aspect and Taper Ratios ..................................................................................11
F. Coupling Effect ................................................................................................12
Conclusion .........................................................................................................................17
References ..........................................................................................................................18
Appendix ............................................................................................................................19

LIST OF FIGURES AND TABLES

FIGURE 1: Lilium Jet ......................................................................................................................... 2
FIGURE 2: Modeling flow over a cylinder using potential flow ....................................................... 4
FIGURE 3: An illustration of the vortex lattice method ................................................................... 6
FIGURE 4: Validation case for rVLM: lift curve................................................................................. 9
FIGURE 5: Validation case for rVLM: spanwise loading ................................................................. 10
FIGURE 6: Validation cases for rVLMk: lift curve through stall ...................................................... 13
FIGURE 7: Lift curve sweep over aspect ratios .............................................................................. 14
FIGURE 8: Effect of AR on lift slope................................................................................................ 14
FIGURE 9: Lift curve sweep over taper ratios ................................................................................ 14
FIGURE 10: Lift curve sweep over taper ratios and aspect ratios.................................................. 15
FIGURE 11: Response of maximum lift to taper and aspect ratios ................................................ 15
FIGURE 12: Coupling between aspect and taper ratios on lift slope ............................................. 16
FIGURE 13: Coupling between aspect and taper ratios on maximum lift coefficient ................... 16
FIGURE 14: Results of dos Santos and Marques’ modified VLM ................................................... 19

TABLE 1: Santos and Marques’ wings described ............................................................................. 7
TABLE 2: Validation of rVLMk ........................................................................................................ 10
TABLE 3: Convergence trends with mesh refinement ................................................................... 11
TABLE 4: Wall time ......................................................................................................................... 11

Nomenclature
ρ
t
V
φ
V∞
V∞
Λ
r
r
κ
Γ
L
L
l
V̂induced
Vi,j
n̂
[AIC]
b
x̂
cl
r1
r2
r1,x

r1,x

q∞
c
fk
ak,l
acorrected
α
α1
s1
s2
λ
ctip
croot
AR
b
Δ
CL,α
CL,max
CL,α,BASELIN E
CL,max,BASELIN E
ΔAR,i
Δλ,i
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Magnitude of the free stream ﬂuid velocity
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Radial distance vector
Doublet strength
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Lift per unit span
Vortex ﬁlament length
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Introduction

In the last few years, the technology front has witnessed unprecedented development of electric
vertical takeoﬀ and landing (eVTOL) aircraft. The Lilium Jet, illustrated in Fig. 1, is an eVTOL
concept currently under development. Such aircraft are being considered for use as air taxis, urban
commuter aircraft, and personal transport and have the potential to revolutionize the transportation
industry. In order to optimize the design of such aircraft, aerodynamics models are employed by
engineers to predict aerodynamic performance. Traditionally, aerodynamics have been modeled
using computational ﬂuid dynamics (CFD). However, the intense computational cost of CFD makes
its use in design optimization impractical. It then becomes desirable to develop less computationally
expensive models that can be used as a lower-ﬁdelity ﬁrst pass in optimization, followed by a higherﬁdelity pass using CFD. With such a framework, more time-eﬃcient optimization algorithms could
be implemented to quickly optimize the design of eVTOL aircraft in the future.
An essential maneuver for eVTOL ﬁxed wing aircraft is the transition from hover to forward ﬂight,

Figure 1: The Lilium electric jet, currently under development.
https://www.redbull.com/int-en/lilium-jet-ﬂying-taxi.

Image taken from

and vice versa. For some eVTOL concepts, this is done by rotating the wings about the spanwise
axis such that the plane’s propulsion system changes from providing forward thrust to carrying the
brunt of the vehicle’s weight in a hover. In order to make this transition, however, the wings must
pass through very high angles of attack, making them susceptible to stall. It is the purpose of this
work to further investigate the eﬀect of wing geometry- speciﬁcally taper and aspect ratios- on the
behavior of a wing in stall. Fast, low-to-mid ﬁdelity models will be utilized with an eye towards
future application in design optimization.

2

Methods

The model used for the present investigation is known as a vortex lattice method (VLM). In the
following sections, the theory of a traditional VLM is described ﬁrst. Next, Santos and Marques’
modiﬁcation to the VLM allowing it to be used through stall [4] is presented and discussed. The
author’s experience in developing, verifying, and validating a VLM, as well as modifying it to predict
stall, are outlined. For future reference, the author’s VLM code is referred to as rVLM. The modiﬁed
2

version is referred to as rVLMk. Using rVLMk, some insights about the coupling eﬀect of taper and
aspect ratios on wing performance through stall are revealed.

2.1

Background and Theory

Before describing the algorithm employed by a VLM, it is instructive to consider the underlying
assumptions and physics considered in the model. The current section and its accompanying equations summarizes a similar discussion by Anderson in his Fundamentals of Aerodynamics [1]. The
VLM operates under the following assumptions. Assuming conservation of mass,
∂ρ
+ ∇ • ρV = 0
∂t

(1)

Assuming incompressible ﬂow, ρ is constant, and
∇•V =0

(2)

Next, it is assumed that the ﬂow is irrotational, or has zero vorticity. Then,
∇×V =0

(3)

Since the curl of the velocity is zero, it follows that there must exist some potential function, φ, such
that
V = ∇φ
(4)
In other words, irrotational ﬂow can always be modeled using a potential function, deﬁned such that
the velocity ﬁeld always follows the gradient of the potential function. This is analogous to water
ﬂowing down a slope; it follows the steepest path down. Combining Equations 4 and 2, we obtain
Laplace’s equation:
(5)
∇2 φ = 0
The harmonic functions are solutions to Laplace’s equation, and are therefore possible models of
incompressible, irrotational ﬂow. Because Laplace’s equation is linear, we can build a potential
function for incompressible, inviscid ﬂow by summing any linear combination of these harmonic
functions, which act as basis functions. Some useful examples include:
• Uniform ﬂow: The velocity induced by this potential is uniform everywhere, and is expressed
as
φ = V∞ x
(6)
This essentially simulates the free-stream velocity.
• Source and Sink ﬂows: The velocity induced by a source ﬂow is radially inward/outward
to/from the source, with the velocity decreasing as the inverse of the radial distance from the
source to maintain the incompressibility constraint. The potential function looks like
φ=

Λ
ln(r)
2π

(7)

where Λ is the strength and r is the radial distance, with the sign of Λ determining whether
it is a source or a sink.
• Doublet ﬂow: This potential is created by bringing a source and a sink inﬁnitely close
together. The potential function is expressed in polar coordinates as
φ=
where κ is the doublet strength.
3

κ cosθ
2π r

(8)

• Vortex ﬂow: In vortex ﬂow, the ﬂuid moves about a center with a radial component of
velocity Vr = 0 and a tangential velocity inversely proportional to the radial distance, Vθ ∝ 1r .
The potential function is expressed as:
φ=−

Γ
θ
2π

(9)

where Γ is the circulation. This ﬂow is the only ﬂow of those discussed that can produce lift.
It is important to note that the velocity approaches inﬁnity at locations near the vortex center,
making a vortex a singularity. Additionally, vortex ﬂow does not cause vorticity, except at
the vortex location. Potential ﬂow can therefore still be modeled using vortex ﬂow potential
functions.
Using some combination of the above-listed potentials, it is possible to construct a wide range
of ﬂows. For example, a doublet potential can be summed with a uniform ﬂow potential to simulate
ﬂow around a cylinder, as visualized in Fig 2.

Figure 2:
Flow over a cylinder modeled by doublet and uniform ﬂow potentials.
Taken from the National Programme on Technology Enhanced Learning at
https://nptel.ac.in/courses/101103004/module3/lec7/1.html.

2.1.1

The Kutta Joukowski Theorem

If potential ﬂow is to model lifting bodies, a relationship between ﬂow characteristics and lift is
desirable. The Kutta Joukowski Theorem deﬁnes this relationship as:
L  = ρ∞ V ∞ Γ

(10)

where ρ is the ﬂuid density, V∞ is the free stream velocity, and Γ is the circulation of the ﬂow. The
circulation is deﬁned as the integral over a closed loop of the velocity of the ﬂuid in the direction of
the loop.
The Kutta Joukowski theorem is crucial in aerodynamics. At its essence, it posits that at a
given speed in a given ﬂuid density, the circulation entirely determines the lift of a body. Further
elucidating this point, Kelvin’s circulation theorem states that for inviscid ﬂow, the circulation
within a closed loop of the same ﬂuid elements will always remain constant. In other words, if
a wing begins to move through a ﬂuid and generate lift (and therefore circulation), then an equal
amount of circulation must be created in the opposite direction. For this reason, when a wing begins
to move, a region of high circulation (the starting vortex) forms behind the wing, and remains as
the wing generates circulation in the opposite direction.
2.1.2

The Biot-Savart Law

Another essential relationship in aerodynamic analysis is the Biot-Savart Law. This law is used to
compute the induced velocity due to a vortex ﬁlament as follows:
 =
dV

Γ dlxr
4π | r |3
4

(11)

 is the induced velocity due to a vortex ﬁlament of diﬀerential length dl, Γ is the circulation,
where dV
and r is the distance vector from the diﬀerential vortex ﬁlament to the point at which velocity is
to be calculated. As an analog, this is the same mathematical relationship as between a currentcarrying wire and its induced magnetic ﬁeld. In a vortex lattice method, the Biot-Savart Law is
used to compute the velocity ﬁeld once circulation of each part of the vortex lattice is determined.
Since vortex ﬁlaments of ﬁnite length are used, Equation 11 is integrated to obtain the total induced
velocity:
 
dl × r
Γ

(12)
V =
3
4π
|r|

2.2

The Vortex Lattice Method

The bulk of the current project involves developing a modiﬁed vortex lattice method for use in stall.
Traditional VLM theory is outlined as follows:
At its essence, the lift of a wing is modeled by placing vortex ﬁlaments on the wing. The
wing is divided into a discrete number of panels. A bound vortex ﬁlament is placed at the quarter
chord. Semi-inﬁnite vortex ﬁlaments are extended to inﬁnity behind the wing in order to conserve
circulation, consistent with Kelvin’s Theorem (visualized in Fig 3). Essentially, any vortex ﬁlament
must form a closed loop; otherwise, the vortex ﬁlament will generate net vorticity which violates
conservation of momentum. We can extend two semi-inﬁnite vortices out to the far ﬁeld where the
“circuit” can be thought of as complete, and a single bound vortex ﬁlament connecting the semiinﬁnite vortices. Because of the shape of these vortex ﬁlaments, these are known as horseshoes. Of
interest, this conﬁguration matches experimental observation of the shape and orientation of the
wake behind a wing.
The challenge of a vortex lattice method is to determine the circulation of each horseshoe vortex.
To this end, a system of linear equations is obtained by assuming the ﬂow tangency condition. In
other words, it is assumed that air cannot ﬂow through the surface of the wing, and that streamlines
must therefore be tangent to the wing surface. The ﬂow tangency constraint means that the ﬂow
velocity induced by the horseshoe vortex must exactly cancel the free stream, according to:

· n̂ = −V∞ · n̂
Vinduced

(13)

at each panel, where n̂ is the normal vector. Because only a ﬁnite number of horseshoes can exist,
this condition is only satisﬁed at a single point for each panel, hereafter referred to as the control
point. Ning shares a concise derivation assuming thin airfoil theory, the Kutta Joukowski Theorem,
and parabolic airfoil camber. Under these assumptions, it is clear that the bound vortex should
be placed at the quarter chord, and the tangency condition evaluated at the three-quarter chord
position,1 as illustrated in Fig. 3.
For the ith panel, the deﬁning equation looks like

Vi,j = −V∞ · n̂
(14)
j

where Vi,j is the induced velocity caused by the jth horseshoe at the ith panel. Vi,j is evaluated in
terms of the vortex strength, Γ, of each panel, according to the Biot-Savart Law. For n horseshoes,
this system of equations looks like:
[AIC]Γ = b
(15)
Note that b is a vector of the negative normal components of the free stream velocity at each control
point, or the right side of Equation 14. Γ is a vector of the circulation strengths of each horseshoe,
and AICi,j represents the velocity induced by the ith horseshoe of unit circulation at the jth control
point. An expression for this is easily obtained since the geometry and orientation of all horseshoes
is already known; it is a simple application of the integral version of the Biot-Savart Law (Equation
1 Ning,

Andrew, ”Theory: Vortex Lattice Model,” BYU FLOW Lab GitHub page, VLM.jl/theory/theory.tex,” 2
January 2019.

5

12). Drela presented a vector form of this equation given the two vectors from the control point to
the intersections of each semi-inﬁnite vortex with the horseshoe’s corresponding bound vortex [5]:




1
1
r2 × x̂
1
1
1
r1 × r2
r1 × x̂
V̂i,j =
+
−
+
(16)
4π |r1 | |r2 | + r1 · r2 |r1 | |r2 |
(|r1 | − r1,x ) |r1 | (|r2 | − r2,x ) |r2 |
where ri is the distance vector from the vortex intersection point mentioned earlier to the control
point. In code, this equation can be easily implemented using pre-written dot and cross product
functions.
In order to solve for the circulation, AIC is inverted and left multiplied on b to yield the circulations of the method. Once Γ is known, the induced velocity can be calculated anywhere. The
lift per span can be evaluated based on the Kutta Joukowski theorem and the value of Γ at a wing
section. From this, 2-D lift coeﬃcients can be evaluated according to:
cl =

l
q∞ c

(17)

where l is the lift per unit span, q∞ is the dynamic pressure, and c is the chord at the section
in question. Once evaluated, l may then be integrated across the wing to obtain an overall lift
coeﬃcient.

Figure 3: An illustration of the vortex lattice. Note that the spanwise vortices (the bound segment of each horseshoe) lie at the quarter-chord, while control points lie at the three-quarter
chord. Image taken from Delft University of Technology at https://aerodynamics.lr.tudelft.nl/ shulshoﬀ/nlll/doc/manual.html
A VLM can also model cambered airfoils by computing normal vectors n̂ relative to the mean
camber line rather than the chord line, consistent with thin airfoil theory. It does not, however,
model unsteady ﬂight maneuvers easily, since it models the wake as “rigid.” This word makes sense
when one considers the ﬁxed geometry of the vortex horseshoes. It is possible to evolve the vortex
ﬁlaments, or even replace them with vortex particles, allowing unsteady behavior to be modeled.
This was considered during my research, but is beyond the scope of the current work.
In order to better understand the method in this research project, I wrote my own VLM code
from scratch (denoted by rVLM or rVLMk later in this work). rVLM was compared against a
test case in Bertin’s Aerodynamics for Engineering [3]. It was veriﬁed against Bertin’s VLM using
intermediate values provided in the text and validated against experimental data.

2.3

Modiﬁed VLM

Santos and Marques published an article in the Journal of Aircraft in 2018 describing a correction
factor allowing a VLM to predict stall [4]. Their correction factor comes from the Kirchhoﬀ ﬂow
6

model describing the lift of an airfoil experiencing separation:
√
(1 + fk )2
cl = 2πα
4

(18)

Since lift is also proportional to Γ, Santos and Marques proposed correcting the AIC matrix using:
acorrected = ak,l ∗

(1 +

4
√

fk ) 2

(19)

where fk is the separation point. Santos and Marques use an empirical relationship for fk presented
by Leishman and Beddoes [6]:

1 − 0.3e(|α|−α1 )/s1
for |α| ≤ α1
f (α) =
(20)
(α1 −|α|)/s2
0.04 + 0.66e
for |α| > α1
where α1 is the angle of attack at which an airfoil experiences separation at x/c = 0.7. The
parameters s1 and s2 are empirically determined for a particular airfoil, and α is the eﬀective
angle of attack. This accounts for boundary layer separation and theoretically accounts for stall.
However, because adding the correction factor of Equation 19 also changes Γ values and therefore the
eﬀective angle of attack, an iterative process must be employed. The VLM is solved ﬁrst without
the correction factor. Then, the correction factor is applied to obtain new values of Γ and αeﬀ .
The updated α is then used to determine a new correction factor. The process is iterated until
convergence is reached.
Santos and Marques validated their model against experimental data reported by Anderson for
ﬁve wings [2] and CFD results for a sixth wing [8]. A description of each wing is included in Table 1,
and their results are reproduced in the Appendix. The rVLM was modiﬁed to include the Kirchhoﬀ
correction factor and used to analyze Wings 1-4 and 6. While the VLM employed by Santos and
Marques uses a 50x10 lattice, rVLM only supports a single row of bound vortices. This makes the
current study an interesting examination of the necessity for chordwise panels. Validation of the
model is included in Results and Discussion.
Table 1: Characteristics of wings modeled by Santos and Marques are tabulated. Table taken from
Santos [4].

2.4

Investigating Coupling Eﬀects

After validating the model’s moderate ﬁdelity through stall, new phenomena were investigated. I
was principally interested in the eﬀects of taper and aspect ratio on wing behavior through stall.
While general information on that subject is widely known - i.e., an elliptic taper can optimize the
eﬃciency of an untwisted wing - I was interested in any coupling eﬀects that occur between taper and
aspect ratio. In other words, is there a synergistic eﬀect in increasing taper and aspect ratio, or do
they aﬀect aerodynamic behavior independently? To this end, the rVLMk was used to compute the
7

lift slope CL,α (or rate of change of lift with respect to angle of attack) and maximum lift coeﬃcient
CL,max before stall of two of Santos and Marques’ test wings. Wing 1 and Wing 4 were selected to
represent uncambered and cambered cases, respectively. The wings were simulated at the following
conditions:
• Freestream velocity was maintained at 300 m/s.
• Fluid density was assumed to be 1.125 kg/m3 .
• Wing area was held constant at 0.2 m.
• Aspect ratio was swept from 6 to 15 at increments of 1.0 while taper ratio was held constant
at unity.
• Taper ratio was swept from 0.1 to 1.0 in multiples of 0.1 while aspect ratio was held constant at
15. This aspect ratio was chosen since high aspect ratios proved more reliable when validating
the rVLM against Santos and Marques’ experimental data.
• The aforementioned ranges of aspect ratios and taper ratios were each ascribed an index i from
1 to 10 for reasons that will be discussed shortly.
In order to avoid favoring one side of the wing, Santos’ wings were simpliﬁed to use only one airfoil
instead of two, one at the root and one at the tip. Because the only attribute of the airfoil used
by rVLMk is the mean camber line, and each test wing had constant camber, this only aﬀected the
Leishman and Beddoes separation constants (which do depend on thickness). For each wing, the
separation constants for root and tip airfoils were averaged and used for the entire wing. Please note
also that in this study, taper ratio is deﬁned as
ctip
(21)
λ=
croot
where ctip and croot are tip and root chords, respectively. Aspect ratio is deﬁned as
AR =

b2
S

(22)

where b is the span and S is the wing area.
The presence or absence of coupling eﬀects of aspect ratio and taper was next investigated. In
order to test for this, an inﬂuence value was assigned to each wing tested above according to:
Δ = CL,α − CL,α,BASELIN E

(23)

where CL,α is the slope of the CL vs. α graph, and CL,α,BASELIN E was selected as CL,α computed
at a baseline condition of AR = 15 and λ = 1. Δ was computed by varying either aspect ratio only
(ΔAR ) or taper ratio only (Δλ ), maintaining the other at the baseline condition. Δcoupled was then
computed when varying aspect and taper ratios simultaneously. In this case, the lowest taper ratio
was paired with the lowest aspect ratio, the next lowest taper ratio was paired with the next lowest
aspect ratio, and so on. These were then assigned an index i from 1 to 10, corresponding to the
appropriate AR and λ as discussed in the bullets above.
In order to determine if a coupling eﬀect is occuring, a superposition value was computed according to:
(24)
Δsuperposition,i = ΔAR,i + Δλ,i
If there is no coupling eﬀect, then the following hypothesis should be true:
Δsuperposition,i = Δcoupled,i

(25)

If there is a coupling eﬀect, there will be a predictable error. Note that this same analysis can also
be performed for the maximum lift coeﬃcient through stall CL,max rather than CL,α , or any other
parameter.
Due to the linear nature of potential ﬂow, it was expected that AR and λ aﬀect CL,α independently (no coupling). However, since CL,max depends on the nonlinear Kirchhoﬀ correction, the
presence or absence of a coupling eﬀect was diﬃcult to predict.
8

3

Results and Discussion

3.1

Veriﬁcation and Validation of the rVLM

rVLM was developed using intermediate values in the Bertin text as veriﬁcation [3]. It was originally
used to model a wing with the following parameters:
• Span: 1 m
• Aspect Ratio: 5
• Sweep: 45◦
• Taper Ratio: 1
• Twist: none
• Dihedral: none
This was validated against experimental data from Weber [6] as shown in Fig. 4a. This particular
case was modeled with 4 panels in order to compare rVLM to an example by Bertin, but a meshing
function in the rVLM allows an arbitrary number to be speciﬁed. rVLM deviated from Bertin’s
VLM by a root mean square percent error of 0.23%. This discrepancy is attributed to Bertin’s
method of plotting based on a known slope and intercept rather than solving the VLM at varying
angle of attack, which is how results for rVLM were obtained. When 24 panels are used (illustrated
in Fig. 4a), rVLM deviated from Weber’s experimental data [9] by a root mean square percent error
of 2.84%. This was determined to be suﬃcient for purposes of validation.

(a) rVLM models the lift curve of a wing with sweep with
4 panels.

(b) rVLM models the lift curve of a wing with sweep with
24 panels.

Figure 4: Veriﬁcation and validation of rVLM.
Also of interest, rVLM predicted the spanwise wing loading of Weber’s wing with a root mean
square percent error of 7.37% using 50 panels, as shown in Fig. 5. It is worth noting that this was
achieved for a wing with 45◦ of sweep.

3.2

Veriﬁcation and Validation of rVLMk

While Santos and Marques used a 50x10 VLM, rVLMk supports a single row of bound vortices in
order to test the viability of the simplest case. While an arbitrary number of spanwise panels may be
speciﬁed, 24 panels were used in order to balance the tradeoﬀ between walltime and accuracy. This
was also selected due to an issue with convergence that will be discussed later. Comparison against
9

Figure 5: rVLM approximates the spanwise wing loading of Bertin’s test case using 50 panels.

experimental data is shown in Figs. 6a-6e, and a brief summary of all validation cases is included
in Table 2. A more detailed description of each wing is shown in Table 1, and Santos and Marques’
data is included in the Appendix. In Table 2, “Linear RMS Error” was the root mean square error
for the linear regime, where the linear regime is deﬁned as those points where rVLMk diverged by
less than 2% from rVLM. “Stall RMS Error” refers to the root mean square error for the rest of the
curve, and “Total RMS Error” refers to the error of the entire curve. Note that for Wing 1 (also
shown in Fig. 6a), a signiﬁcant disparity exists between actual and predicted points of stall. This is
attributed to the low aspect ratio of the ﬁrst wing. Low aspect ratio wings have longer chordwise
dimensions relative to their spans, causing airﬂow to experience proportionally greater chordwise
complexities than high aspect ratio wings, where spanwise changes dominate. It is possible that
Case 1 experienced the highest total and stall root mean square errors because of its relatively low
aspect ratio (see Table 2). Chordwise panels could potentially increase the ﬁdelity of the model.

Table 2: Validation of rVLMk.
Wing
1
2
3
4
6

Max Camber(%)
0.0
1.8
1.8
1.8
4.0

AR
6
12
10
10
12

Linear RMS Error
0.14
0.04
0.06
0.13
0.29

Stall RMS Error
0.54
0.23
0.34
0.33
0.27

Total RMS Error
0.32
0.18
0.25
0.22
0.28

The wings modeled in Figs. 6b-6e all have cambered airfoils, as speciﬁed by their NACA designation in Table 1. This is evidenced by the fact that the CL -α curve intersects the axes above the
origin, implying non-zero lift at zero angle of attack. The non-zero y-intercept of rVLMk results in
Figs. 6b-6e demonstrate its ability to model this phenomenon. rVLMk overshoots its CL intercept
by approximately 0.5 as shown in Fig. 6e. It is noteworthy that the airfoil in this case is a NACA 44
series airfoil, which has signiﬁcantly more camber than the other airfoils used (4.0% max camber as
compared to 1.8% or 0%), and could explain the large error (more than 100% increase in error over
Case 1) in the linear regime as seen in Table 2. A signiﬁcant assumption made in placing vortex
ﬁlaments at the quarter chord and boundary condition at the three-quarter chord is that the camber
line is parabolic. For a NACA aifoil, this is not the case. It is possible that high camber reduces the
accuracy of this assumption.
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3.3

Convergence

It is important to note rVLMk’s diﬃculty with convergence. When the mesh was reﬁned, the method
required signiﬁcantly more iterations - on the order of 100,000 iterations were required for 100 panels
as opposed to the order of 100 iterations for 24 panels - before convergence was reached, and the
error increased. It is hypothesized that the absence of chordwise panels deprived the model of a level
of reﬁnement that made convergence diﬃcult. This may be somewhat unlikely since high aspect
ratio wings were also shown to experience diﬃculty convergence. Regardless of the cause, as shown
in Table 3, decreasing the reﬁnement tended to decrease the error until two panels were used. There
may be a bug in the code. Future development of rVLMk certainly warrants further investigation
into this artifact.
Table 3: Convergence trends with mesh reﬁnement of rVLMk. ‘n’ denotes the number of panels
used.
n
1
2
4
8
16
32

3.4

Case
4
4
4
4
4
4

Linear RMS Err.
0.090
0.068
0.057
0.058
0.058
0.151

Stall RMS Err.
0.33
0.26
0.31
0.34
0.34
0.34

Total RMS Err.
0.23
0.18
0.25
0.21
0.21
0.24

Time Savings

As mentioned previously, it is desirable to develop a model fast enough for design optimization of
eVTOL vehicles. As a reference, a NASA CFD study required 1.4 million hours for 30,000 cases on
256 processors, or an average of 47 hours per case [7]. Time requirements for rVLMk using an i7
8th Generation processor with 4 cores on an HP Spectre laptop are included in Table 4 and reﬂect
multiple orders of magnitude in time savings.
Table 4: Wall time required for a sweep from -1 to 25◦ using rVLMk with 24 panels.
Wing
1
2
3
4
6

Time (s)
4.35
17.9
9.91
11.5
5.79

This supports the notion of using models like rVLMk to signiﬁcantly increase the speed at which
preliminary design optimization algorithms may be carried out. Higher-ﬁdelity CFD optimizations
could be subsequently run from a much closer baseline conﬁguration, reducing total computation
time.

3.5

Aspect and Taper Ratios

The motivation of this study was to model the behavior of a high aspect ratio wing through stall
for future application in eVTOL vehicles. The results of varying aspect ratio independently are
reported in Fig. 7. It is clear that increasing aspect ratio increases CL,α in the pre-stall regime,
as well as CL,max . This is more clearly corroborated in Fig. 8, which shows a direct relationship
between CL,α and AR, and Fig. 11b, which shows a direct relationship between CL,max and AR.
Note that lift slope and CL,max increase with aspect ratio at a diminishing rate. Interestingly, the
lift curves maintain their relative steepness at diﬀerent aspect ratios. For example, AR = 15 saw
the steepest climb in CL vs. α, but also the steepest decline in stall.
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It is well known that increasing aspect ratio has an advantageous eﬀect of reducing induced
drag and thus increasing eﬃciency; however, aspect ratio cannot be simply increased indeﬁnitely
for improved performance. As induced drag approaches a minimum, the eﬀect of increasing aspect
ratio diminishes, and agrees with the decreasing slope of the curves in Figs. 8 and 11b.
Changing the taper ratio was found to minimally aﬀect CL,max , as illustrated in Figs. 9a and
9b. CL,max is plotted vs. λ for Wings 1 and 4 in Fig. 11a. Of note, there is a maximum CL,max
achieved near λ = 0.4 for both wings tested. It is well understood in the aerodynamics community
that an elliptical wing loading provides the minimum induced drag for a ﬁxed lift and span. It is
likely that a taper ratio of 0.4 corresponds closest or nearly closest to an elliptic lift distribution,
resulting in the maxima observed in Fig. 11a. This would suggest that wings that minimize induced
drag also tolerate higher angles of attack before experiencing separation and stall. It is also observed
in Fig. 9 that the lift slope also reaches a maximum at approximately the same λ = 0.4. It makes
sense that the highest CL,max would also correspond to the highest CL,α . Further research could be
performed to validate this hypothesis.
Aspect ratios and taper ratios were also varied together and the results plotted in Fig. 10. Similar
to Fig. 7, the aspect-taper ratio combinations that have the steepest relative slopes maintain their
relative steepness in the stall regime.

3.6

Coupling Eﬀect

The eﬀects of taper and aspect ratios are well understood in the aerodynamics community. As
discussed previously, higher aspect ratio wings experience less induced drag. As shown in Fig. 8,
increasing AR has the eﬀect of increasing the lift slope. As shown in Fig. 11, it also has the eﬀect
of increasing CL,max . As previously discussed, there exists an optimal taper ratio that maximizes
CL,α and CL,max . This could correspond to the minimum induced drag.
The question of coupling eﬀects between the two is now addressed. Coupling eﬀects are plotted
in Fig. 12 and 13. As observed in Fig. 12a, Δsuperposition for CL,α followed ΔCoupled with a constant
error on the order of 1% of the lift slope. Recall that Δsuperposition is the sum of the changes caused
by varying λ and AR independently, while ΔCoupled is the change caused by varying λ and AR
simultaneously. Any discrepancy between the two curves indicates a coupling “synergistic” eﬀect
between λ and AR. The closeness between the two curves in Fig. 12a suggests a linearly independent
inﬂuence of taper and aspect ratios on CL,α . This makes sense, especially in light of the linear nature
of the VLM. rVLMk becomes nonlinear as it approaches stall, but is still very linear in the region
used to compute CL, α. Since the nonlinear response of the stall case is not included when calculating
CL,α , a linearly independent inﬂuence of variables is expected. The oﬀset is unexpected; because
both wing geometries at i = 10 (the baseline condition) are the same, ΔCoupled was expected to
coincide with Δsuperposition , at the very least at that point. This discrepancy may be due to a bug
in the code. Both curves for Wing 4 (Fig. 12b) coincide at the baseline condition as expected, and
stay within 0.1% of each other through all geometries tested.
Fig. 13 presents a diﬀerent scenario. As expected, Δsuperposition and coupled curves coincide at
the baseline condition of i = 10. However, as i decreases from 10, the error increases to values on the
order of 10% of CL,max . Also signiﬁcant is the sign of the error; the coupled curve is more negative
than Δsuperposition . In other words, the eﬀect of decreasing AR while simultaneously decreasing λ
carries a penalty beyond the simple superposition of independent eﬀects. Unlike the calculation of
CL,α , the calculation of CL,max inherently takes into account the nonlinear nature of stall, and a
coupling eﬀect exists.
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(a)

(b)

(c)

(d)

(e)

Figure 6: Wings 1 (a), 2 (b), 3 (c), 4 (d), and 6 (e) tested with 24 spanwise panels using rVLM and
rVLMk and compared against experimental data. See Table 1 for details about each wing.
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(a) Wing 1.

(b) Wing 4.

Figure 7: A sweep of the lift curve over aspect ratios from 6 to 15.

(a) Wing 1.

(b) Wing 4.

Figure 8: Eﬀect of AR on the lift slope.

(a) Wing 1.

(b) Wing 4.

Figure 9: A sweep of the lift curve over taper ratios from 0.1 to 1.0.
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(a) Wing 1.

(b) Wing 4.

Figure 10: Simultaneous sweep of aspect and taper ratios plotted.

(a) Eﬀect of λ on CL,max .

(b) Eﬀect of AR on CL,max .

Figure 11: Response of CL,max to λ and AR.
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(a) Data plotted for Wing 1. Note how closely the curves
match, despite an oﬀset of less than 0.005.

(b) Data plotted for Wing 4. Note how closely the curves
match, though they begin to diverge further away from the
baseline condition (i = 10).

Figure 12: Δsuperposition and Δcoupled for CL,α are plotted against the parameter index, i. If a
coupling phenomenon exists, these curves will be diﬀerent.

(a) Data plotted for Wing 1. Note how the curves begin to
diverge further away from the baseline condition (i = 10).

(b) Data plotted for Wing 4. Note how the curves begin to
diverge further away from the baseline condition (i = 10).

Figure 13: Δsuperposition and Δcoupled for CL,α are plotted against the parameter index, i.
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Conclusion

The advent of new technologies such as eVTOL vehicles is exciting. The development of a fast
model of suﬃcient ﬁdelity is one small step on the runway to realizing such concepts by signiﬁcantly
improving the speed of design optimization algorithms. To this end, rVLMk was developed and
modiﬁed in order to model the stall regime. rVLMk was validated against experimental data found
in the literature. Making use of its stall capabilities, a sample study was performed to test for any
coupling eﬀect between aspect ratio and taper ratio. This was done by calculating the lift curve
through stall for three situations: ﬁrst varying AR, second varying λ, and third varying AR and
λ simultaneously. The superposition of eﬀects of independent sweeps is compared to the eﬀects
of the coupled sweep. Substantial disparity between the two would signify coupling. Though no
substantial coupling eﬀect was found to aﬀect CL,α , it was concluded that a coupling eﬀect was
observed to aﬀect CL,max . This was attributed to the nonlinear nature of stall, which did not aﬀect
CL,α . There are many parameters that can be modeled and investigated using a similar approach in
future projects. Phenomena such as this coupling eﬀect may provide insightful feedback for design
optimization.
Fast models that account for stall like rVLMk are ideal for use in design optimization. While
they lack the high ﬁdelity of CFD (limitations of rVLMk are apparent in the data presented in this
work) they may be used as a preliminary run in an optimizer to quickly approach the optimal case,
reducing subsequent time using CFD. It was concluded that models like rVLMk provide order of
magnitude time savings over CFD. Indeed, research into such models is a promising area of new
research to aid in design optimization, and may help eVTOL vehicles take their place in the sky.
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Appendix

Figure 14: Results of Santos and Marques study of the Kirchhoﬀ correction factor of the VLM.
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